EULER SYSTEMS FOR CONJUGATE-SYMPLECTIC MOTIVES
by

Daniel Disegni

Abstract. — Consider a conjugate-symplectic geometric representation p of the Galois group of a CM field. Under
the assumption that p is automorphic, even-dimensional, and of minimal regular Hodge-Tate type, we construct
an Euler system for p in the sense of forthcoming work of Jetchev-Nekovar-Skinner. The construction is based
on Theta cycles as introduced in a previous paper, following works of Kudla and Liu on arithmetic theta series on
unitary Shimura varieties; it relies on a certain modularity hypothesis for those theta series.

Under some ordinariness assumptions, one can attach to o a p-adic L-function. By recent results of Liu and the
author, and the theory of Jetchev-Nekovar-Skinner, we deduce the following (unconditional) result under mild
assumptions: if the p-adic L-function of p vanishes to order 1 at the centre, then the Selmer group of p has rank 1,
generated by the class of an algebraic cycle. This confirms a case of the p-adic Beilinson-Bloch-Kato conjecture.
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1. Introduction

A remarkable construction of Kolyvagin shows that if a Heegner point is non-torsion, then the
Mordell-Weil and Selmer groups of a (modular) elliptic curve both have rank one [Kol88]. Combined
with the formulas of Gross-Zagier and Perrin-Riou [ GZ86,PR87], which relate heights of Heegner points
and derivatives of L-functions in complex or p-adic coefficients, Kolyvagin’s work provides important
evidence for the Birch and Swinnerton-Dyer conjecture and its p-adic analogue.

We are interested in analogous pictures for higher-rank motives, or more simply geometric!) Galois

representations, of weight —1 . The most accessible ones are arguably those over a CM field that are

(This and other unexplained notions will be defined in the main body of the paper.
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conjugate-symplectic. For those Galois representations, Jetchev—-Nekovar-Skinner have recently theorised
a variant of Kolyvagin’s method based on the notion of (what we propose to call) a JNS Euler system;
this is still a system of Selmer classes satisfying certain compatibility conditions. The purpose of this
work is to construct such an Euler system, for those representations as above that are automorphic and

even-dimensional of minimal regular Hodge-Tate type.

The companion formulas of Gross-Zagier/Perrin-Riou type were recently proved in [LL21, LL22]
and [DL24], which allows to obtain various applications to the analogues (by Beilinson, Bloch, Kato, and
Perrin-Riou) of the Birch and Swinnerton-Dyer conjecture.?)

In the rest of this introduction, we briefly state our main result and consequence, and the idea of
its proof. For an overview on the context and history of the constructions, and statements of other

arithmetic applications, we refer to [Dis].

1.1. Main result. — Let E be a CM field with absolute Galois group G, and maximal totally real subfield
F,and let c € Gal(E/F) be the complex conjugation.

Let » = 27 be an even positive integer and let

P GE _)GLn(ap>
be an irreducible continuous representation, that is geometric in the sense of [FM95, I, §1]. We denote
by p¢: Gz — GLn(ap) the representation defined by p°(g) = p(cgc™), where ¢ € Gy is any fixed lift of
c. (A different choice of lift would yield an isomorphic representation.)

Suppose that the following conditions are satisfied:

1. p is conjugate-symplectic in the sense that there exists a perfect pairing
— c I'e) 1
P&, P° = Q1)

such that for the induced map #: p¢ — p*(1) (where * denotes the linear dual) and its conjugate-dual
u*(1)°: p° — p%*(1)° = p*(1), we have u = —u*(1)S;
2. for every place w[p of E and every embedding ;: E,, — C,, the -Hodge-Tate weights®) of p are
the » integers {—r,—r +1,...,r —1};
3. pisautomorphicin the sense that for each ¢: Q » < C, thereisacuspidal automorphic representation
I of GL,,(Ag) such that L (p,s) = L(II',s +1/2);
For a place v of F, denote by p,, the restriction of p to G := [T, Gr_ (where the product ranges over
the one or two places of E above v). For each ideal m C 0y, we have a ring class field E[m] D E; we also
put E[0] := E. We denote by Hfl(E [m], p) the Bloch-Kato Selmer groups [BK90].
Let ./, be a set consisting of all but finitely many of the places v of F that are split in £ and at which
e is unramified, and let ./ be the set of finite subsets of ./, which we identify with a set of squarefree
idealsin 0. Fix aset p of p-adic places of F that are split in £, such that for each v € p, the representation
p, is Panchishkin-ordinary (Definition 3.3.1) and crystalline,¥ and let .#[] be the set of ideals of the
form m[],e, v* withs =(s,) € zg,.

Theorem A. — Let p be a representation satisfying conditions 1., 2., 3. above, and let M|, M ,p, M[p] be
as above. Assume that the root number (o) = —1, that F # Q or n =2, and that the Modularity Hypothesis
2.2.5 holds.

@1n a future version, we plan to include applications to anticyclotomic Iwasawa theory.

®)Our convention is that the cyclotomic character has weight —1.

1n fact the crystalline condition can be replaced by the considerably weaker condition of (3.3.4) and even entirely removed, see
Remark 3.3.6.
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The system of classes
0, EH}(E[m],p), m e M|[p]U{0},
of Definition 2.3.2 forms a JNS Euler system.

For the definition of JNS Euler systems® and the precise statement of the theorem, see Theorem 2.3.3.

Remark 1.1.1. — Hypothesis 2.2.5 concerns the modularity of a certain generating series of Selmer classes
coming from cycles in unitary Shimura varieties, for which the evidence is discussed in [Dis, Remark
4.4] and references therein. We also rely on a description of part of the cohomology of those varieties,
Hypothesis 2.1.1, expected to be confirmed in a sequel to [KSZ].

The assumption on the root number is natural in the sense that, by (1.1.1) below and the Beilinson-
Bloch-Kato conjecture (e.g. [Dis, Conjecture 2.2]), in the complementary case ¢(p) = +1 every JNS

Euler system is expected to be zero.

The main result of the work of Jetchev-Nekovar-Skinner (see [Ski] or [ACR23, § 8]) implies that,

under mild conditions on the image of o, we have
(1.1.1) O#0 =  HNEp)=Q,0;
Thus Theorem A demands a nonvanishing criterion for ©,. Under some ramification restrictions:

- Liand Liu have proved a nonvanishing criterion in terms of derivatives of L-functions [LL21,LL22],
conditionally on some standard conjectures on Abel-Jacobi map;

- Liu and the author, under the further assumption that one can take p = {all places of F above p},
have proved an unconditional nonvansihing criterion in terms of p-adic L-functions, and confirmed
the Modularity Hypothesis in that context [DL24].

For the precise statements cast into the setup of the present paper, and their consequences towards the
complex and p-adic Beilinson-Bloch-Kato conjectures,® see [Dis, Theorem A].

In particular, we restate the following result from loc. cit., which appears to be the first complete result
towards the Beilinson-Bloch-Kato conjectures in analytic rank 1 for high dimensional representations.
It follows from combining [DL24, Theorems 1.7, 1.8], Theorem A above, and the theory of Jetchev-
Nekovar-Skinner as in [ACR23, Theorem 8.3].

Corollary. — Suppose further that E | F is totally split above 2 and p, that p > n, that places of F ramified

in E are unramified over Q, and that the representation p is:

- Panchishkin-ordinary and crystalline at all p-adic places of E;

- of large image’ in the sense that it satisfies the analogue of [ ACR23, Hypothesis HW) in § 8.1];

- ‘mildly ramified’ in the sense that the associated automorphic representation 7 (§ 3.2) satisfies [D1.24,

Assumption 1.6 (1)-(2)-(3)].

Denote by 2y the Q p-Scheme of continuous p-adic characters of Gy that are unramified outside p, by m C
O(Xy) the ideal of functions vanishing at 1, and by L ,(p) € O(Xy) the p-adic Lfunction of p from [DL24]
(see [ Dis, Proposition 5.2]).

Then

ord, L,(0)=1 = dim@H;(E,/o):l.

()Some of the (young) literature on the subject calls this notion “split anticylcotomic Euler system”.
(®)See [Dis, Conjecture 2.2] for a formulation
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Remark 1.1.2. — To the author’s knowledge, the vast literature on Euler systems contains only three
other constructions for high rank motives: one by Liu-Tian-Xiao-Zhang-Zhu [LTX"22] for conjugate-
symplectic Rankin-Selberg motives, which is of a type introduced by Bertolini-Darmon in [BD05]; one
by Cornut [Cor], for base-changes of some symplectic motives, of a type similar to the one of [Kol88];
and one, of JNS type, by Graham-Shah [ GS23], for conjugate-symplectic motives that are also symplectic,
valid for an infinite range of Hodge-Tate weights.

1.2. Idea of the proof. — The construction of the Euler system of Theta cycles starts from the arithmetic
theta lifts on unitary Shimura varieties introduced by Liu in [Liul1] (partly based on a construction of
Kudla [Kud97]); as in [Dis], we recast them as trilinear forms valued in H]}(E ,p)- The higher layers of
the system are given by taking connected components of the special cycles arising in the constructions,
and varying the input data in a well-chosen way.

To prove that the constructed classes indeed form an Euler system we need to establish that they are
integral and that they are bound up by certain norm relations (‘horizontal’ and ‘vertical’, i.e. at non-p-
adic and p-adic places). Following an idea pioneered in [YZZ12] and developed in the context of Euler
systems in [LSZ22], we prove the horizontal norm relations based on the fact that the space of (scalar-
valued) trilinear forms appearing in the constructions decomposes into a product of local spaces, each
of dimension 1 by the theory of the local theta correspondence. Then some equivalent relations may be
established in any models of these local spaces: in our context, an explicit one is given by the zeta integrals
used by Godement-Jacquet to construct the standard L-functions for GL,,, where the desired identity is
easy to prove. This model in fact guides the choice of input data away from p; the integrality relations
are then established by explicit computation. At p-adic places, we use a variant of choices of data from

[DL24], and prove its local nontriviality again by a computation in the Godement-Jacquet model.

In § 2, we construct the system and reduce its fundamental properties to local statements. In § 3, we

prove thOSC statements.

Acknowledgements. — Iwould like to thank Francesc Castella, Henri Darmon, Nadya Gurevich, Dim-
itar Jetchev, Christopher Skinner, Ariel Weiss, Wei Zhang, and especially Yifeng Liu and Wagar Ali Shah
for useful conversations or correspondence.

A substantial part of this paper was written during the KUMA International Summer School in Sara-

jevo in August 2021, and I'd like to thank its director Claudia Zini and all the staff for their hospitality.

2. The Euler system of Theta cycles

2.1. Setup. — We briefly review the setup for the construction of Theta cycles, referring to [Dis] and

references therein for the details.

2.1.1. Notation. — Suppose for the rest of this paper that E is a CM field with totally real subfield F.
We denote by ¢ € Gal(E /F) the complex conjugation, and by n: F*\A* — {£1} the quadratic character
attached to E /F. We denote by A the adeles of F; if § is a finite set of places of F, we denote by AS the
adeles of F away from S. If G is a group over F and v is a place of F, we write G, := G(F),); if S a finite
set of places of F, we write Gg := [, G(Fs). (For notational purposes, we will identify a place of Q
with the set of places of F above it.) We denote by ¢: F\A — C* the standard additive character with
oo (x) = ¥ Tr0/m* and we set ¢y := b o Trpp.

We fix a rational prime p and denote by Q° C 6[, the extension of Q generated by all roots of unity.

We fix an embedding :°: Q° < C, by which we view ¢« as valued in Q°. We denote by € the

integral closure of Z, in Q p
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2.1.2. Quasisplit unitary group. — Let W = E” = W @& W~ where W' = Span(e,,...,e,), W~ =
Span(e, ,,...,e,,), equipped with the skew-hermitian form (, )y, with matrix (_17 1’) (here 1, is the
identity matrix of size 7). We denote by G = U(W) its unitary group, which we may view as a subgroup
of Res/xGL,,. Denote by P C G the parabolic subgroup stabilizing W™, and by Herm, the space of
hermitian » X » matrices.

We have:

- a Weyl element

1
w:< ’>€G;
—1,

m:Res;;;GL, - PCG
a
emt=(" )

n:Herm - P CG

()

r

- ahomomorphism

whose image is a Levi factor of P;

- ahomomorphism

whose image is the unipotent radical of P. Here, we denote by Herm the space of hermitian ma-
trices; we will also denote by Herm(F)*™ € Herm(F) the subspace consisting of totally positive

semidefinite matrices.
Attached to G, we have:

-a ap-vector space g of modular forms (see [D1.24, § 2.2], [Dis, § 4.3]);
r

- for any ring R, the space SE  of those formal (Siegel-Fourier) expansions
>, al@q’, ¢ eCP(GL(AR)R)
TeHerm (F)t
satisfying ¢, .7, (y) = ¢y (ay) for alla e GL,(E);
- an injective p-adic g-expansion map
2.1.1) q: G, — Skg
denoted by q, in [Dis, § 4.2].

2.1.3. Incoherent unitary groups. — Let V be an incoherent, totally positive definite E/F-hermitian
space; this is simply a collection of E,/F,-hermitian spaces V, of the same dimension, indexed by the
places of F,, which is not isomorphic to one of the form (V, ® F,),, for some hermitian space V; over E,
and such that V/, is positive definite for all v|co. If § is a finite set of places of F, we put Vys = ®,4 V.

For x,,...,x, € V,,, we have the moment matrix

T(x):= ((xi,x]-)vv )i;j € Herm (F,).

We denote by Hy, the incoherent unitary group associated with V' in the sense of [Dis].

Attached to H, we have a tower of Shimura varieties

(XHV,K)KcHV(Aw)

of dimension dim V' — 1 over E as in [Dis, § 4.2].
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2.1.4. Weil representation. — Let v be a finite place of F, and let V,, be an E/F, -hermitian space of
dimension 7. The basis {e;,...,e,} of W* identifies V,, ®; W, = V,’. We have a representation w,, :=
wy of G, x Hy, on the Schwartz space S (V, ®; W, ,ap), characterized by the property that for
beS(V, @, WiQ,)

- forbhe va, we have
w, (h)p(x)=p(h™ x);
- fora e GL,(E,) and b € Herm, (F,), we have

)$(x) = |detal - p(xa),
o((B))p(x) = o (Trb T (x))(x),
w, () () =77, , - H(x),
where 1, ;€ {1} is the Weil constant of V,, with respect to ¢, and ¢ denotes the Fourier

¢?(x) = fv* ¢(J’)¢E,w <Z(xi’3’i)v> dy

=1

w,(m(a

transform

for the ¢, -self-dual Haar measure dy on V.

For an incoherent E /F-hermitian space V, we put w = wy = ®,wy, , the product running over all

finite places of Fj it is a representation of G(A*) x H,(A*) on the space (Vo ®p W+)6p)'

2.1.5. p-adic antomorphic representations. — Given our Galois representation p, we choose a relevant

p-adic automoprhic representation of G(A) over Q » (in the sense of [Dis, Definition 3.2])
T C %6)7

whose base-change to GL, (Ay) is IL,, which exists by [Dis, Proposition 3.4]. (The representation 7 is
not uniquely determined by this condition, although as noted in [Dis, Remark 3.5], there is a ‘standard’
choice.)

We enforce from now on the assumption that (o) = —1. Then by [Dis, Proposition 3.8], attached to

e and 7w we have a pair consisting of

- an incoherent totally definite £ /F-hermitian space V of dimension 7, and

- arelevant p-adic automorphic representation o of H(A) over 6[, (in the sense of [Dis, Definition
3.2])

uniquely characterised (up to isomorphism) by the condition that the space of coinvariants
Ay =(1" ® @ ® 0)gam )i, (A=)

is nonzero. The space A o is then in fact 1-dimensional over Q.

Henceforth, we write H=H, w = w, X = XHv'

2.1.6. Realisation of o in cobomology. — From now on we assume that F # Q or » = 2, which implies
that the varieties Xj; x are projective — except in a case related to modular curves where Xy; 4 can be
canonically compactified by adding finitely many cusps; in that case, we replace Xj; x by its compactifi-
cation.

For each open compact K € H(A®®), let

K ._ 2r—1 Ire)
0, = Homﬁp[GE](Hét <XHV,KE’QP<7>)’/O)‘
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We will assume the following hypothesis (a variant of [Dis, Hypothesis 4.1]); it is known for » = 2, and

it is expected to be confirmed in general in a sequel to [KSZ].

Hypothesis 2.1.1. — For each open compact subgroup K C H(A*), we have an isomorphism of
GP[K\HV(A“)/K]-modules

K~ /K
(2.1.2) % —EBU ’

where the direct sum runs over the isomorphism classes of relevant p-adic automorphic representation (in the
sense of [ Dis, Definition 3.2]) o’ of Hy,(A) with BC(c") =1L

Weput M, = 0K ®p, which we identify with a subspace of M, . = a;/’K(X)p CH (X f,ap(r)).
We then identify

o = lmHomag, e ey (Moo £) B Homa gy, aceyi (Mo ) = o

K

2.2. Special cycles and generating series over ring class fields
2.2.1. Connected components of unitary Shimura varieties. — Let T be the unitary group of E with the
form induced by the norm N - (as an algebraic group over F), and denote

% = {open compact subgroups C C T(A™)} U{T(A*)}.
(Elements C € %6 will often appear as sub/superscript, omitted when C = T(A*).) For each C € 6, let
E be the abelian extension of E with

Gal(E¢/E)=:T)c == T(F)\T(A)/C

under the class field theory isomorphism (which we will view as an identification). Let T := li(_mC e
For any profinite group I”, we will denote by T := lim , Specap [I"/C’'] the space of locally constant

Q,-valued characters of I (where the limit ranges over finite-index subgroups).

Let X be the tower of 0-dimensional Shimura varieties over E associated with . For every coherent
or incoherent unitary group H’, we denote by v;;,: H — T the determinant character (the subscript will
be omitted when understood from the context). The tower Xy, = (Xyy g/ )x of Shimura varieties maps to

the tower X via surjective morphisms still denoted
V. XH,K/ - XT,V(K/)'

These induce bijections on the set of geometrically connected components.
Fix an identification of T-sets X(E®) = T. A subset S C T(A*) is said to be of level C € 6 if C is
minimal for the property that § is a union of C-cosets. If S C T(A*°) is of level C D C”, let

S
XT,C/ C XT,C/,EC

be the E-subscheme whose set of E**-points is identified with the image of S in Lo S CT(A%)is of
level C 2 v(K), let
— S
X8 =V X)) € Xk, -
Then for each 7,7, each C € €, and each t € I we have a direct Q,[G,_]-module summand
H?t(XI;CE,QP(j)) C H; (Xk 7, Q,(7)), and we denote by
@.2.1) r'C Hy (X 7,Q, () = Hi (X5, Q, (/)

the projection induced by the inclusion X\ < X e
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2.2.2. Special cycles. — From now on, we abbreviate H=H,, and X, := Xj;, = X}y , (for any decoration
?). Fora C € 6 and a compact open subgroup K’ € H'(A%) (for some unitary group H' 2 T), we write
K'C:=K'nv'(C).

Letx € Vyu ®; WH=V/_.

- Suppose that
(2.2.2) T(x):==((x;,x;)y);; € Herm (F)* and  V(x):=Spang(x,,...,x,) is positive-definite.

For any compact open subgroup K € G(A*), any C € ¢, and any ¢ € T(A*), we have a cycle
Z'C(x)g defined as follows (see [Liull, § 3A] or [LL21, § 4] for more details when tC = T(A>)).

Pick an embedding ¢:: E — C, and let V* be the (unique up to isomorphism) totally definite
hermitian space over E with V; = V,..; we fix such an identification. Then we may write x =
h~'x" for x’ € (V') and h € H(A*®). Let H(x') be the unitary group of the subspace V(x')* c V*,
where V(x') :=Spang(x{,...,x.); let K., := hKh™ N H(x')(A*®). We also denote by H(x)(A) the
unitary group of V/(x)*4, and set K := K N H(x)(A).

The natural inclusion j,,: H(x")>H" of unitary groups induces a morphism of Shimura varieties

]r’K
Xuyk, — Xpgpt —’XK

Let £y be the Hodge bundle on Xy (or its base-change to E.). We then define a cycle (see [Ful98,
§ 2.5] for general background)

2 = oG T~ [OUK) : CT [ (X T €Chy Ly (K Do

where we have used the suggestive notation'”)

(2.2.3) ek Xk )= kX 8 b,
in which the right multiplication denotes the action of H(A*) on the tower (X x)x-
The definition is independent of the auxiliary choices made.
— If x does not satisfy (2.2.2), we put Z(x), :=0.
It is clear that TrEC//ECZC/(x)K =Z%(x)g whenever C'c C € 6.
For alocally constant function y : I'— Q,,, we also define

Z(x, ¥ )k = Z x(0)Z7(x)k EChr—1(XK,EC)§P,

t€l)c

for any C € 6 such that y factors through I;c.. (Thus ZC(x)x = Z(x,1¢)g forany C € 6.)

Remark 2.2.1. — Suppose that y: T — 6; is a locally constant character. For every x € V{_,, y €T, and
h € H(x)(A*), we have

(2.2.4) Zx k=2 (1) Z(x, x k-
and
@25 ZOh =20 ) 2k = 27 (V2% )

where we still denote simply as a right multiplication the pushforward action on cycles induced by the
right action of H(A®) on (Xi ¢ )x-

()This notation can likely be given a substantive meaning in the framework of [ST].
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2.2.3. Projection to the p-component. — Let C € 6, and let K C H(A*®)Nyv~!(C) be an open compact
subgroup. Denote by Fil*¢ c H. o (Xx, £.»Q,(7)) the filtration induced by the Hochschild-Serre spectral
sequence Hi(EC,Héztr_i Xk £, Q,(7)) = HZ’(XK > Q,(7)). We have an absolute cycle class map

AJ: Chrfl(XK,EC )@ - Héztr (XK)EC’QP(;’))/FHZ’C,

Lemma 2.2.2. — The Hecke-eigenprojection
@ K E> Qp )) K

1€Z

induces a Hecke-equivariant projection, still denoted

H27<XKE >Q (r ))/Filz’c - Hl(EC’M,o,K)’
such that the composition
Al o, .c ¢
(_>p : Chr—l(XK,EC Jo— Hézt (Xk > Q;;("))/Fll2 €5 Hl(Ec,Mp,K)
Z— ZP = ePA](Z)

takes values in HJ}(EC,M oK)

Proof. — Asin[Dis, Lemma 4.2]. O

2.2.4. Generating series. — Let y: T — 6}, be a locally constant function, and let C(y ) € 6 be maximal
such that y factors through I, ). For ¢ €S (V],.)and any K C H(A*) fixing ¢, let

Zr(#s X )i = >, P(x)Z(x, x )k €Ch, _(X)gs

x€K\V]oo : T(x)=T

in the special case y =1, for C € €, we write

Z;"C(¢) = ZT(¢’1IC)’ thC ¢ ¢’15C

We define

O 1)) =voll) 3 7(6) ST Ja)Z () g™ € HNEqiy M) 80, SFg
telr’/C x€K\ Voo

where vol is as in [LL21, Definition 3.8].

Lemma 2.2.3. — Let K' C K C H(A*) be compact open subgroups, let ¢ € S (V.)X, and let p =
Prrjx: Xg» — Xy denote the projection map. Then for every locally constant y : T — Q > we have

vol(K")p, Z(, 1 ) = vol(K) Z1 (¢, )

Proof. — It suffices to show that p, Z$ (), = [K : K’ ZC(gzﬁ)K forevery C€ 6.
Suppose first that, in the notation of §2.2.2, we may identify x with an element of (V*)". The finite
surjective map Xg(v() = Xg(vx(f;{) has degree [K, : K/]-[CW(K,): Cv(K.)]™". Since
LK = £

by the definitions and the projection formula, we find

P2 (x)k =K, 1 K ]- [CUK,): CURDT[CUKL) : CT ' [k Ky iy N = (K s KU ZC ()

It is easy to verify that this result remains valid without the assumption x € (V*)".

Then, setting

2.2.6) P17 (x) = g1 (x),



10 DANIEL DISEGNI

we find
PZ B = D, drlkp. 2= D, Do ¢rlkx)[Ky, K, 26 (kx)k.

x€K'\ Voo x€K\ V] keK'\K/(K}\K,)
Now all the last three terms are independent of &, so that the inner sum equals
> KK (07 () =K K125 ()
*€K\V] o

as desired. 0
Corollary 2.2.4. — The construction of 19(¢, ) .k 15 compatible under pushforward in the tower (X ).

2.2.5. Modularity. — For the history and evidence in favour of the following conjecture (which is [DL24,

Conjecture 4.17]),®) see [Dis, Remark 4.4] and references therein.

Hypothesis 2.2.5 (Modularity). — For every ¢ € & (V..) and every K C H(A™) fixing ¢, there exists a
unique
1
®(¢>/0,K € Hf(E’M/o,K) ®6ﬂ %617
such that

9(O($),x) =10($), k-

We can amplify the modularity to the other generating series.

Proposition 2.2.6. — Assume Hypothesis 2.2.5. Then for every locally constant function y:T — 6;;’ every
¢ € S (V).), and every K C H(A™) fixing P, there exists a unique

O($: X )px € HH(E,, M, ) 85 g,
such that
(¢, ¥)ox) =10, X ) o x
As usual, we will write @tc(qﬁ)p’K = 0(¢, 1,6),x

Proof. — By Corollary 2.2.4, we may assume that K satisfies v(K) C C. We define a slightly different

Siegel-Fourier expansion by

O, x)px(@):=vol(K) > w(m(a))p(xa)Z(x, x)x,q""

x€K\ Voo

~tC ~
and we put Q' (¢)p,]< = 10(¢, 1,¢),k- It suffices to prove the proposition when y is a character, in

which case
@<¢’){)p,1<( = x (hg(m(a))) ¢' X)ox(a

so that if @(gﬁ, X )p.x 15 @ (Selmer-group-valued) Siegel modular form with q-expansion q@(gb, X )p.x> then

O(¢, 1)px(8) =1 0¥ ®8(h, 1),

is a Siegel modular form with g-expansion 99(¢, y) .- Therefore it is equivalent to prove the modularity
of the series qé(gﬁ,)()px for all , and we may restrict to yy =1,¢ for t €I).
Now we have 16(, Lk, = ricq(a((ﬁ)p,]{, were r'C is induced by (2.2.1). Then

© <¢>P>K = ric®(¢>/ﬂ< EH}(EC’MP,K)®6;7 ‘%ﬂ@

(®)The formulation in loc. cit. is slightly different but easily seen to be equivalent.
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satisfies g((:jlc(¢»)p,,{) = q(:jlc(ng)p’K, as desired. O

2.3. The Euler system of Theta cycles. — From now on we assume that Hyptohesis 2.2.5 holds.

If C € 6 and E’ is a finite extension of E., for z € H}(E’,M/gK) and f € o we denote

z.f=fz GH}(E/,/O).
2.3.1. Theta cycles. — For a relevant representation 77/ C Hg , denote by @ — @, the Hecke-
P

eigenprojection g — /yand by (,), V@7 — 617 the canonical duality. We also abbreviate
4

(¢, @), = (¢,®,) forp’ en’, ®e %%p, and use the same names for any base-change.

Forevery g € 7", f € 7, C € €, and every locally constant function y: T)c — 61), we define

®(¢’¢’X)p,1{ = (¢’®(¢’X)p,K>7z EH}(EC’MIO,K)’
O(p, b5 20) =00, X ) oS € Hy(Ec,p),

where K C H(A®) is any open compact subgroup fixing / and ¢.
As usual, in the special case y = 1 for C € 6, we will put O¢(—) :=O(—,1,.).
If y € T (viewed as an automorphic character of T(A)), let yg := y 0vg, yp := ¥ © V> and denote by

7, (Vi)
the space S/(V[..) with G(A*) x H(A® )-action by w, :=w ® )(G_l ® yip- Let
(2.3.1) AP))( = (ﬂ®yX(VA°">®0>G(Aw)xH(A°°)’

aap-line. For C € €6, we also put

A,o,C = EB APJ('
)(GF/C

Lemma 2.3.1 (Equivariance). — Let y eT. If Hypothesis 2.2.5 holds, the map
O, x):m® S (Vin)®0 = Hi(E,p(x))
(9:8:/)—~0(p, 8.1, x)

Jactors through A, , .
It follows from the lemma that for any C € 6, the map O factors through A yor

Proof. — It follows from (2.2.4) that the target is H}(E ,o(x)) C H}(EC( ) P)- The equivariance for the
action of G(A*) is clear. We then need to show that for every ¢ € #(V.,), f € 7, h € H(A®),we have

232 O(h, x)o-hf = xi ()OS, 0),-f

Let K C H(A®) satisfy that f and ¢ are invariant under K Nh~'Kh, and v(K) C C := C(y). Then, with
the notation ¢ of (2.2.6), we have

Zp(hd, ) f = Z Gir(h™')Z(x, Y )xh-f

x€K\ Vo0

= > ST WZ0 e x)pknf = ' B)Zr(y ) f

x€K\V/

where we have used (2.2.5) and a change of variables. This proves (2.3.2). O

2.3.2. Choices of test vectors. — Denote by:
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- p afixed set of p-adic places of F such that for all v|p, v splits in E, the Galois representation p is
Panchishkin-ordinary (Definition 3.3.1) at each place of E above v, and the associated representation
7, satisfies the technical condition (3.3.4) below;

- § afixed set of finite places of F, containing all the places v ¢ p such that for some place w|v, the
representation PiGs, is ramified or w is ramified over Q;

- M the set of split places of E not in S;

- M the set of subsets of ./, (we will identify .# and p with a set of squarefree ideals in O );

- M[p]the set of ideals of the form m [, v* for m € M and s = (s,) € Z5,,.

For v ¢ Sp, let ¥, C V, be a self-dual hermitian lattice in V,,, let K C H,, be the stabliser of ¥/,

and let Uy C G, be the stabliser of >./_ 0} ¢;. Fix decompositions " = ®,, )/, 0 = ®,0,,, where the

vt v v

restricted tensor products are with respect to some spherical vectors ¢° € 7,°, f° € KS forall v ¢ S.

We make the following choices of test vectors in 7w, ® (V) ® o, at all finite places v of F:

- for v ¢ Sp, define
¢ =1y, € S (V] ),

A =0, @9, f,.
-forve§ welet A, =¢,®¢,®f, €1, ®F(V))®o0, be any element whose image in A, , is
nonzero;

- for v € 4, we will define another Schwartz function
B2 = (3.2.1) € F (V] KU
below (where the subscripts v will be omitted from the notation), and we put
A =0, @45 1,
- for v € p, we will define vectors ¢* € ¥, f* € o and a sequence of Schwartz functions
VeV, s=0
in Definition 3.3.10 below (where the subscripts v will be omitted from the notation). We put
=g odef
For m =] Tomee.n, 91 loe, v € M[p], we put
A = (@5 A B (@ o 4, A3) @ (B, o) @B A, €Y @ (Vi) @0

we also put A© := A, and define ¢ € 7V, £ € o in the obvious way so that A = PP e f(m),
Note that ¢ and £ are in fact independent of m € /4 [p]U{0}.

2.3.3. The Euler system. — For m € M[p], we set
C(m):=(1+mG)NT(A®),  E[m]:=Ec,)
For m =0, we put C(0) = T(A*), E[0]:=E.
Definition 2.3.2. — The Euler system of Theta cycles is the system of classes (©,,),,c_4(,u(0; defined by
0, =6CM(A™) e HAE[m],p).

The following theorem says precisely that (©,,),, is an Euler system in the sense of Jetchev-Nekovar-
Skinner. For a place w of E at which p is unramified, let Fr,, € G;_ be a geometric Frobenius at w, and
let P, (¢) :=det(1—tFr,|p*(1)).
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Theorem 2.3.3. — The system of classes (©,,),,c_y1o10(0) Of Definition 2.3.2 satisfies Trp1,,©; = O and
the following conditions.

1. Integrality. There exists a Gp-stable zp-lattice Po C p such that for every m € M [p]U{0},

®m EH}(E[m]’IOO)

2. Horizontal norm relations. For every m € M and every v € M, not dividing m,
TrE[m'u]/E[m]em'u = Pw<Frw>®m’

where w is any one of the places of E above v.

3. Vertical norm relations. For every m € M [p] and every v € p,
TrE[m’u]/E[m]®m7j = @m

Remark 2.3.4. — By construction, the Q p-vector space A ¢ = ®, A is 1-dimensional; thus the ‘base

v IO’U

class’ ©,, which only depends on the image of A, = ® A, in A_, is independent of choices up to a

0,52
scalar (after the initial choice of the descent 7). The following proposition verifies the resulting necessary

condition for the nonvanishing of (the base class of) our Euler system.

We say that p is exceptional at a place v € p if for some (equivalently,®) every) place w|v of E and
embedding :: ap — C, the Deligne-Langlands y-factor

Y(WD,(00)s £ s )

of the complex Weil-Deligne representation attached to pf, by [Fon94] does not have a pole at s =0. A

consideration of weighs shows that if p is crystalline at all w|v, then it is not exceptional.
Proposition 2.3.5. — The image of A in A , 1s nonzero if and only if p is not exceptional at any place v € p.

This is clearly a local statement, which will be proved in § 3.3.6.

2.4. Reduction of the Euler-system properties to local statements. — We reduce Theorem 2.3.3 to

several local results, to be proved in the next section; for clarity, these results are marked with a ‘—".
2.4.1. Integral structures. — Let K C H(A*®), U C G(A*) be compact open subgroups fixing (") and
£, We consider the following integral structures on our representations.
- We let Pz, be a zp-lattice in p, stable under Gy (this may require a choice that we now fix);
- Let MP’ZP’K C M, be a Z lattice such that for each C, the image of Ch, _;(Xg r_ )Z of the cy-
cle class map (—), from Lemma 2.2.2 is contained in H 1<EC’MPs7p>K)' (As explained in [Nek95,

§ II.1.10], we may take M =pe, Hzr 1(XKE,Z (7)), where p* is the order of the torsion

M, Z,.K

subgroup ofHézt’ "Xy 5.2 »(7))) Let M 7 ::Ma,KmMp,ZP,K' We define
oK
z = Homg Q,[K\Hy Am)/K](Ma,ZP,K’IOEP)’

aZ plattice.
- Let jfip be the preimage of S—Fip under the map q of (2.1.1). We define

77:%]’\/ =% NHom (%ZU,ZP),
r r

O)This follows from multiplicativity and functional equation of y-factors, the selfduality of p, and the fact that, by weight consid-
erations, for every w the factor y(WD (o,, ), ¢ 4> $) has neither a zero nor a pole at s =0.
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where 7V

is viewed as a subspace of Hom (5 ,Q ») via the composition of the natural duality
4
and the projection A5 — 7.

- Forx eV, andCe‘to” let V(x) and H(x)(A*®) be as in § 2.2.2, and let K := K N H(x), K¢ :=

K.N vg(lx>(C). For each C € 6, we define

S Vi Zy o €S (Vi Q)N
to be the Z ,-module of functions satisfying that for every x € Spt(¢),
vol(K)- p(x)-[K, : K T €Z,,.
Similar integrality properties for Schwartz functions are considered by Shah in [Sha, §3.5].

Remark 2.4.1. — The zp-submodule %zU isa zp-lattice in the subspace %%U °C %%U consisting of
4

r r

forms with (uniformly) bounded g-expansions. (We conjecture that ﬁfg = jféj ; at least when U is
» »
hyperspecial at p-adic places, this should be provable by considering g-expansion maps on integral models

of PEL Shimura varieties related to G, cf. [Lan12, Remark 5.2.14].) This implies that 7r Vo 7tV
P

contains a Z P-lattice.

Lemma 2.4.2. — For every C € 6, we have
g€ nHV, peSViwZ, )X, fe 02 =  0%gp,¢,f)e H}(Ec,pzp).
Proof. — By the definitions, it suffices to prove that
@C<¢)K € Chr—l(XK,EC )Z, ®7,7 %i[p]’
that is, that for all x € Spt(¢) with 7'(x) € Herm (F) and for all ¢ € T(A>), we have
vol(K) $(x)-[K, :KE T+ (e (L ™ ~ [ 1) €Ch, L (K )z,

This is immediate from the definition of & (V] ip,c))UxK . O

A

2.4.2. Integraliry. — We reduce the integrality of the Euler system to a result on the local integrality of
our Schwartz functions.

Forx, € V] ,let V(x,)=Span(x, ..., %, b let H(x ) U(V(x,)). For open commpact subgroups

U,cG,K,CH,andC, C T, letK, :=K NH(x,), Kx: =K, ﬂv;éx )(Cv). We define

y(vr) )U xK, c y( )U xK,

v

to be the zp-module of functions ¢, satisfying that for every x, € Spt(¢,,),
vol(K,)- ¢, (x,)- [K, K] €Z,,

For a finite place v of F, we denote by ¢, a fixed uniformiser. If v is a split finite place of F, we denote
C(@}) =1+, 0p ,NT,. The following will be proved as Propositions 3.2.3 and 3.3.13 below.

Proposition™ 2.4.3. — We have:
1. forve M,
preS(V)),Z 2.C(w ))U;XK:;
2. for v € p, there exist open compact subgroups U, C G, K, C H,, fixing respectively @2 and f?, such

that for every s 2 0,
¢E,f) S y(VJ,zp,C(zﬂ;)UvXKv‘
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Proof of Theorem 2.3.3.1, assuming Proposition 2.4.3. — Proposition 2.4.3 implies that there are compact
open subgroups U C G(A®) and K C H(A*°), and an integer e, such that for every m € /A [p],
¢(m> = pfezyu/gw , Zp,C(m))KX U,
Now Lemma 2.4.2 shows that if e}, e; € Z are such that 9" € p=@ ﬂ%’U, fimepe 0%( (recall that o)
r ?

and 0" are independent of 72, so this is possible by Remark 2.4.1), then for the Z p-lattice

po=p 0z Cp

we have ©, € H}(E[m],po), as desired. O
2.4.3. Horizontal norm relations. — We first reduce the norm relation of Theorem 2.3.3.2 to the follow-

ing proposition.

Proposition™ 2.4.4. — Forall m € M and v € M, with vt m, all characters y :T)c(,,) — 6;, and for
every A, € n"? @ S (V]...)® 0%, we have

(241) 9(/1@/1:1’)(> = wa(Frw>®(/{v/1;’X>

oo o
in Hf(E[m],p) ®Qp %”Qp.
Proof of Theorem 2.3.3.2, assuming Proposition 2.4.4. — The identity (2.4.1) remains valid for any func-
tion y onT)c(,,. Then it suffices to apply it to y =1, and A* = Alm)e, O

We can further reduce Proposition 2.4.4 to the following abstract local analogue, to be proved in § 3.2.2.
Analogously to (2.3.1), denote by 7, (V) the space (V') equipped with the (G, x H,)-action by

— —1
Wy =0y ® X, ® Yo and let

=(rV® 7, (V))®0a,)

2.4.2) A,

G,xH, ’

Proposition 2.4.5. — For every v € M, and every unramified character y of E, we have
(2.43) [A2]=Lp" (D 250) - [A2]

mh,,

Proof of Proposition 2.4.4, assuming Proposition 2.4.5. — Characters y : T, — 6; are unramified at v ¢
m, and by (2.2.4), Fr,, acts by y~!(Fr,) on the generating series @(gﬁ,){)p. Thus the Galois element
P, (Fr,,) acts by the scalar P, (y ~'(Fr,,)) = L(p* (1), x5 0) ", and the desired identity (2.4.1) simplifies
to

O A%, 1) = L(p" (Vs xo 50) ™ -O(A A3, 1 ).
This identity is implied by Proposition 2.4.5 since, by Lemma 2.3.1, the map A, — ©(A”A,, y) factors

through A, . O

2.4.4. Vertical norm relations. — We reduce Theorem 2.3.3.3 to the following.

Proposition™ 2.4.6. — Let v € p. For every compact open subgroup C, C EX, the image of /15,3) in Ag: =
P is independent of s = 0.

Proof of Theorem 2.3.3.3, assuming Proposition 2.4.6. — Let s = v(m). We have

—A
XWEE;/C PoXo?

TrE[mv]/E®mv = TrE[mv]/E[m]@C(mv)<A(m)’vAEUS-H)) = @C(m)(/l(m)’v /1(5)) =0

me
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3. Local study

The goal of this section is to prove Propositions 2.4.3, 2.4.5, and 2.4.6, after giving the definition of the

test vectors.

3.1. Preliminaries

3.1.1. Notation. — Let v be a finite place of F split in £. We work in a local setting over F, and drop all
subscripts v (thus writing F, E, V, W, ... for F, E_, V,, W, ...). We denote by d € 0, a generator of
the different ideal of F.

We fix an ordering of the two primes w;, w, above v and write £ = E,, X E,, = F x F; we put
i:=(1,—1) € E. We fix a uniformiser @ of F, and we denote by & the residue filed of F, by g its
cardinality.

Write V =V, = V, @ V, where the isotropic subspaces V; := V @ E,, . Write W =E¥ =W+ @ W~
where W* = Span(ey,...,e,), W~ = Span(e, ,,...,e,,). For? =0,+,—, write W = Wf @ W; Let
W =], Oge;, and if °?’ is any decoration, let #, =W, N¥'.

We denote

H=HF)2Aut,(V,, G=GF)=Aut,(W,), T=TF)=F",

where H acts on V] on the left, and G acts on W, on the right.
Fix an isometry between V and WV, where the latter is endowed with the hermitian form dual to the
form (y,5")y :=1(y,7’)yy on W. The chosen isometry between V and (the hermitian space attached to)

WV induces isomorphisms(!

(3.1.1) H = Aut;(V,) — Isomp(W,', V) « Aut,(W,") = G.

1

VE= (\/Vii)v C V;; we let “f/ii =N Vl.i. We will often write

13

By the isomorphism W; = V. (for i = 1,2), we have Op-lattices ¥; = #’, and direct summands

xE
X = < ‘;) €V,® W =Hom(V*,V,)=Hom(V*,V,")®Hom(V;", V).
x. p—
3.1.2. Subgroups of G and H. — We denote still by H the algebraic group over 0, with H(R) =
Autg(7] ®g, R) for any Op-algebra R; we similarly extend G to a group over 0y (isomorphic to H). We
write P =P(F) € G = GL(W,) =GL, (F) for the Siegel parabolic, with Levi M = GL(W,")x GL(W,") =:
G' x G~ and unipotent radical N = N(F).
We put
K°:=G(0y),

and define (deeper) pro-p parahoric subgroups of G(0y) of level s > 1 by

1, =G(0F) XG0, [ 0y) N(O /@’ OF).

Via the identification (3.1.1), we may also view the above as subgroups of H; when the context is ambigu-
ous (and the distinction is needed), we will add a superscript ‘G’ or ‘H’ to the notation for those subgroups
in order to distinguish the ambient group in question.

Finally, we will need the following definition.

Definition 3.1.1. — Let H' be a general linear group over F and let s > 0 be an integer. We say that a
subgroup K C H' has Galois-level at least s if det(K) C 1+ @’ Op.

(19Note that G acts on the left on V(/lv.
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For the rest of this section, unless noted otherwise: all tensor products of finite-dimensional F-vector
spaces are taken over F'; Schwartz spaces consist of Q ,-valued functions; all tensor products of Q ,-vector

spaces are taken over Q b

3.1.3. Weil action and linear action on Schwartz spaces. — For any smooth character of F*, denote by
SV, @ W)
the Schwartz space of V; ® W, endowed with the action of G x H given by
(3.1.2) (g:h)-¢'(y)= x~'(det g)y (det h)| det b~ | detg|"¢'(h ™"y g)-
We still denote by .7, (V ®; W) the Schwartz space of
Ve, Wr=(VieW e (V,oW,)

endowed with the twisted Weil action 0, = 0 ® y '® yy- (When we are interested in the Schwartz

space only and not the specific action, we will omit the subscript y.)
Define a linear map
T y)(/(vl W)= ’Sp)(/((vl ® W1+>®(V1 e W)

- Z(VieWe(V,eW,"))=,(Ver W)

(3.1.3)

by the partial Fourier transform
FHra= [ F ) iy
VoW,

where (, ) is the natural duality between V; ® W™ and V, ® W' given by the restriction of (, ), ®(, )y,

and dx" is the self-dual Haar measure, which assigns volume |d | to ¥, ®q, Wi
Lemma 3.1.2. — Themap F: S} (V,® W) > &, (V & W) is an isomorphism of (G x H -modules.

Proof. — It is easy to verify by explicit computation that Z is (H x G)-equivariant (for a brief discussion
in a more general context, see [GQT14, § 2.9]). It is also clear that the dual partial Fourier transform

gives an explicit inverse. O

3.1.4. Godement-Jacquet zeta integrals as models for the Howe correspondence. — We fix an embedding
ap > C extending (°, via which we may base-change all L-values, functionals, and representations -
without changing the notation.

By the uniqueness of the Howe correspondent o in § 2.1.5 together with Lemma 3.1.3 below, we have
o = 7 under the isomorphism (3.1.1). Fixing a nontrivial H-equivariant pairing (, ) : 7¥ ® = — C, we

have the Godement-Jacquet zeta integral

{Gx):n' @S (VieW)®o —C
(.1.4) / o
(0r ') L(g%f)n $(g)y " (det g)|det g” dg

where dg is the Haar measure on G assigning volume |d|”/? to K° := Autgy (7)) CG=H. Let
— —1 2 AV

(3.1.5) 00, x)=C(x)eF €A,

(where A, , =@242).

Lemma 3.1.3. — The functional 0(-, y ) is a generator ofA;,X.
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Proof. — By Lemma 3.1.2, this is equivalent to the assertion that (-, y) is a nonzero element of
Hom g, (7" ® 5/’)(/ (V, ® W,) ® 0,C). The belonging is easily verified. For the nonvanishing, it suffices
to apply {(-, ) to atriple (¢, &', /) such that (¢, /). # 0 and ¢’ has small support near the identity. [

3.2. Test vectors, norm relations and integrality at places in .#,. — Suppose that v € /.
3.2.1. Definition of the Schwartz function ¢*. — If P is a logical proposition, denote by

1[P] € {1 =true,0 = false}
its truth value (thus for the characteristic function of a set A we have 1,(x) = 1[x € A]). Let

¢/. = Autf Z bséov) € y/<vl ® W1)5

heke /I,

o (x):=1 [xl :< xl} it >€< idv1++wEnd(“1/l+) Hom (¥, ¥/%) >] |
x = S a

where

X wHom(¥",77) idy-+@End(¥]")

The stabiliser of ¢7 under the action (3.1.2) (for y =1) of K° C H = Aut,(V)) is I,.
W define

(3.2.1) P =T = > by =T

heKe /I,

The choice of ¢* is motivated by Proposition 3.2.1 below.
3.2.2. Local horizontal norm relations. — We prove Proposition 2.4.5 by a computation of zeta integrals.
Proposition 3.2.1. — For? € {o,e},let ¥ := 9°@p’'®f° € n®F (V" )®0. For every unramified character
x of F*, we have

[A1=L(1/2,n(x)") " - [X]
mh,,
Proof. — By [G]72, Lemma 6.10] and, respectively, the definition, we have

(@%@ £ ) =L(1/2,7(3)") - (9°, /) s
(@ [ )= (9, )z

By Lemma 3.1.3, this implies the desired result. O

Proof of Proposition 2.4.5. — It is equivalent to Proposition 3.2.1, once noted that L(p*(1),,, x5 ',s) =
L(s+1/2,(y)y). O

3.2.3. A decomposition. — We begin a study of the function ¢*, with the final goal of establishing its
integrality properties.
We have

toox idy+ End (7" —1End ("
R |G K AL | BT
xi_ox) wHom (¥{",%) Hom(¥;",7,)

—2550; x1 ,x2

yeY
where Y := @ 'End(¥,")/End(¥,") and

8 (xF ) = (Te(y) xi:r xi‘+ E idvl++wEnd(”i/1+) y+End(¥;})
(%132 xi_oxg oHom (¥",%) Hom(¥,",7;,)
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3.2.4. Rationality. — It is clear that the functions ¢5)y take values in Q(/« ), where ¢ is the rational

prime underlying v. The following lemma is not strictly necessary, but we include it for completeness.
Lemma 3.2.2. — Foru € Z}, let 0, € Gal(Q( /Q)) be its image under the reciprocity map.
1. Forall u € Z3;, we have g3 (x)’ = ¢6,u—1y (( b i, )x)

2. The function ¢* takes values in Z.

Proof. — Part 1 follows from the relation ¢ ()7 = ¢(»~'¢) (for all ¢ € F) and the definitions, using the
description of the action of (1’ ul ) €GL,(F)= H on V@, W given in (3.2.3), (3.2.4) below. From

part 1 and the definitions, since <1’ Mr) € K° it follows that Gal(Q(u§°/Q)) fixes ¢*; it is also clear that

the values of ¢ are integers. O

3.2.5. Levels and integrality. — We now consider V' as endowed with the dual basis b,,...,5, to the
standard basis of W = E”; thus V" =Span(b,,...,b,), V" =Span(b, ,,...,b,) and the hermitian form

0. —
on V has matrix i < 1’ 0 4 > in this basis. We may then identify V;* = F” and H = GL(V,) =

GL(W))=GL,(F).

We will prove the follwoing more precise form of Proposition 2.4.3.

Proposition 3.2.3. — Forx e V', set K = K. Nv(C(w,)) CK,.
1. There exists a decomposition into Z-valued Schwartz functions with disjoint supports
b* = PO 4 o
such that:
- ¢*O takes values in (q —1)Z;

- if x € Spt(p**), then K := K\ H has Galois-level at least 1.
2. Forall x € Spt(¢*), we have ¢*(x)[K, KT ez

We start by studying the stabilisers of the functions ¢; .
Lemma 3.2.4. — Lety €Y =@M, (0;)/M, (O), and let
K. i={d €GL,(0,)| (d'—1,)y C M, (6,)}.

The stabiliser K, of ¢5,y under the action of K° C H is the subgroup

(322) < 1r+ZUMT(ﬁF> Mr(ﬁF> >D[1.
er(ﬁF> K)/,

Proof. — Ttis clear that I; CK

,» S0 computing K is equivalent to computing its image K, C H(k).

Letb:< i fl >€K°,Whered,b,c,d €M, (). We have
c

(3.2.3) R T y <x1’+> o <x2’+>
Xi_ X c d J\x )\ ¢ d J\x,_

/ /
where the unitarity of » means that < j ;g > is characterised by
atd' —c'b' =1, b'd'—d'b’' =0,

(3.2.4)
dta’ —b'¢' = 1, ctal+4tc’:OT_
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x
,» then for < 1’+> =

Denote by ‘=’ the relation of congruence modulo @ on free Op-modules. If h € K
Xy
L we have [ ¢ b M) = L , so that
0, c d J\x_ 0,

/ / t,—1 t,—17t
“/ z/ > = ‘ b > From this, (3.2.3), and the definition of ¢5y’ we
C )

and (3.2.4) implies < 0 )
see that » € K, if and only if further

d"ly+d"'B'M,(0F) Cy + M, (0p),
that is (d*—1,)y C M, (0y), as desired. O

Fory €Y, write d(y) =d if the image of oy in GL (k) has rank d, and let
Y*:={yeY|d(y)=r}CY.

From Lemma 3.2.4, we deduce the following.
Lemma 3.2.5. — Supposey € Y —Y*, and let K, := (3.2.2). The integer |K, /1| is a multiple of g — 1.

Proof. — Note that if d(y) = d, then the reduction E; C GL, (k) of K] is GL, (k)-conjugate to [?;, =

Iy Mgy, (k)
< Orfd,r Gerd(k)
onto k*. O

>. Therefore |K, /1| = |l?21|’ and when d < r the determinant maps the last group

Remark 3.2.6. — For x € Spt(¢*®), it is easy to see that there is exactly one integer 0 < d < 7 such that
for some y € Y with d(y) = d and some h € K°, we have h € Spt(bgé;’y). We denote this integer by d(x).

Let usidentify V®; W* = V" and denote a typical element by x (rather than x*). For x € V", denote
V(x)=Span(x)* C V (an r-dimensional hermitian subspace), and let H(x) = U(V(x)) c U(V)=H.

We complement the result of Lemma 3.2.5 by a lower bound for the Galois-level (Definition 3.1.1)
along part of the support of ¢5,y fory e #*.

Lemma 3.2.7. — Lety € Y™ and let x € Spt(¢5,y) C V7. The group K, := K° N H(x) has Galois-level at
least 1.

Proof. — The same calculations as in the proof of Lemma 3.2.4 (with the same notation ‘=’) show that
if h € K, C H(x), so that hx = x (in particular bx(l’ o1 ) = x(l" o1 )), then b € K, = I,. Thus
deth=1. O

Proof of Proposition 3.2.3. — Part 2 follows from part 1: if x € Spt(¢>P), it suffices to observe that [K :
K,(f)] is obviously a divisor of g — 1 =[C(1) : C(w)]; whereas if x € Spt(¢**), we have [K : K)(Cv)] =1
and ¢(x)€ 0.

We now prove part 1. We have

= > Shds,=>. > K /|-,

heKe /I, yeY V€Y heK° /K,

:¢O,CD+¢Q,><
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with

$r0= > 20 Kb,

YEY—Y* heKK,
Fr= 3 b,
YEY* heKe /I,
By Remark 3.2.6, the supports of ¢*® and ¢** are disjoint. Both functions take values in Q by the same
argument as in Lemma 3.2.2.2, and both are clearly integral.
By Lemma 3.2.5, the function ¢*® takes values in (¢ — 1)Z. By Lemma 3.2.7, if x € Spt(¢**) =
U, ke yey s Spt(h qf»;,y), then K'”) has Galois-level at least 1. O

3.3. Test vectors, norm relations and integrality at places in . — We suppose now that v € p.

3.3.1. Pordinary representations. — We recall two notion of ordinariness and show that they correspond

under Langlands duality.

Definition 3.3.1. — A de Rham representation p: G, — GLn(ap) is said to be Panchishkin-ordinary
(after [Nek93, § 6.7]) if there exists a short exact sequence

0— /o+ —p—p —0
of de Rham representations of G with coefficients in Q »» such that

F°Dy(p*) =Dr(p™)/F'Dyr(V™) =0.

We denote by Fr € G a lift of the geometric Frobenius corresponding to the chosen uniformiser .
We denote by WD(p) the Weil-Deligne representation over Q » attached to a de Rham representation o
by [Fon94] (see also [TY07, § 1)).

Remark 3.3.2. — Suppose that p is Panchishkin-ordinary, and put r* := WD(o*)f*, where the super-
script denotes Frobenius-semisemplification. By construction, the multiset of slopes (= p-adic valuations

+

of eigenvalues) of Fr on r* coincides with the multiset of slopes of the [Fy: Q p]‘h power of the crystalline

Frobenius on Dpst(pi). In particular, we observe all eigenvalues of of Fr on r' (respectively r~) have
strictly negative (respectively non-negative) p-adic valuation, and this condition uniquely determines r*

and p* (up to isomorphism).

Remark 3.3.3. — Suppose that p is Panchishkin-ordinary, and assume that the j-Hodge-Tate weight of
det o* is independent of j: F — C » and equal to wi. Let Xeye: Gr — 6; be the cyclotomic character,
and let

(3.3.1) = )(C“y’: -det p*(Fr).

Since the Newton and Hodge polygons of D_ (o) have the same endpoints, we have that € 2;

pst

Denote by Ind§ the unitarily normalised induction, and denote by &, the central character of a rep-

resentation 7t of a general linear griup. The following definition is adapted from [Hid98].

Definition 3.3.4. — Let 7 be a smooth irreducible generic representation of G = GL,,(F) with coeth-
cients in Q p-Letwr €Z__, W~ €Z,. Wesay that 7 is P-ordinary for the Hodge-Tate weights (w*,w™)

if there exists a G-equivariant surjection
(3.3.2) p:IndS(nRat) - x
for some irreducible admissible representations 7% of G, := GL, (F) such that

(3.3.3) Epel- I (@) €Z.
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Lemma 3.3.5. — Let p: Gz — GL,(Q,) be a de Rham representation. Let 7 be the smooth irreducible
representation of GL,(F) over Q,, that corresponds to WD(p) under the local Langlands correspondence,
(reJnormalised so that L(p,s) = L(s +1/2, r).

Suppose that p is Panchishkin-ordinary and the ;-Hodge-Tate weight of det p* is independent of j : F — C »
and equal to w=.

Then 1 is P-ordinary for the Hodge-Tate weights (w,w™), with 7 in (3.3.2) the representation corre-
sponding to WD(p*) under the above local Langlands correspondence, and

a= |w|7/2+w+£n+(w’).

Proof. — We freely use the theory of Bernstein-Zelevinsky and the properties of the local Langlands

correspondence as summarised for instance in [Dis20, § 2], with the notation used there. We denote by

7.[—1/2: I'/ — ﬂu(r(_l/z»’ 77‘.—1/2,55: I'/ — ﬂ‘-u,ss<r|/WF(_l/2)>

the twists of the unitarily normalised local Langlands correspondence and, respectively, semisimple local
Langlands correspondence of loc. cit.

Let n¥ =7, /2(ri), and write 7r° = 77 (s°) for some multisegments s°. Since 7 is generic, the segments
in s can be ordered so as to satisfy the ‘does not precede’ condition above [ Dis20, (2.2.1)]. By construction,
the same is true of s*, which implies that 7* is generic; and, together with Remark 3.3.2, no segment in
s* precedes a segment in s~. Now (ii) implies that the unique irreducible quotient of Ind$ (7~ & 7*) is
generic; and by construction, its supercuspidal support is the representation 7z_;, ((r). But there is a
unique up to isomorphism generic irreducible representation with a given supercuspidal support. Since
7 is also generic and irreducible and has supercuspidal support 7z_; , ((r), we conclude that the surjection

(3.3.2) exists. The formula for « is clear. O

3.3.2. The elements ¢* and f*. — We specialise back to our running assumptions, so that p is pure of
weight —1 and Panchishkin-ordinary with ;-Hodge-Tate weights {—,...,r —1} (for every ;: F = C,);
and 7 is the associated P-ordinary representation of G. In the notation of the previous paragraphs, we

have wt = —(;), wo = (7;1). Then 7V is also P-ordinary for the weight (w*,w™) with respect to the

representations 7t"* := 77V, We note that @ = ¢"*/?£_. (&) and put
, B _
@' :=q" P& (@)= (@) €Z].

We fix perfect parings (, ), .: 7" F @ n¥ — apv
For any s € Z, we define elements of G by

1 1
t::<w, . >, wS::<_wS1 ’>:wt5

and we put t¥ =wltw = (1’ o, ) We also put

1, b
Ut = Z < r 1 > t S Z[G],
beM, (k) r

then for all s’ > s > 1, the double coset operator

I tl

s/

acts by U, on any smooth G-module.

We introduce the following condition, which we assume from now on:

(3.3.4) either 77 is unramified or 7 are both supercuspidal.
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Remark 3.3.6. — The reason for imposing this technical condition is that it(s second part) appears in the

current version of [Mar.a]; it is expected to be removed in a future update.

Proposition 3.3.7. — There exist
gD:I: = 7_CV,:I:’ f:l: c ﬂ:t, gﬂord e, ford en
satisfying the following conditions:
L7 =95 D =1
2. there is a constant c(7) such that the vectors p°™, £ are invariant under 1 (y and satisfy
th)ord — aV§0°rd, U;ford — aford;

3. for each ¢ 2 c(m), setting

¢? — qcrza\/,—c n\/<wc)¢ord’ fca — qcrz o n(wc)ford,

we have, for every y, € GL (F),

(R 50 )@ )l ) = ety [P dety_[ 72 (2 (0, )0 f ) (T (00)0 T f ) e
(The superscripts ‘a’ stand for ‘anti-ordinary’.)

Proof. — Consider first the case where 7w+ are supercuspidal. We deduce the proposition form the results

of Marcil in [Mar.a, Mar.b]. Let ¢(7r) = 1 be the minimal integer (denoted by r in [Mar.a, Mar.b]) for

which the construction that we are about to cite can be performed. Let

- I
A o, et fclzfr)Enlrw), gpi\/([ﬂ)E(ﬂ'v)f(n)

be the vectors denoted respectively

T A T
in [Mar.b, pp. 14-15] (we omit all the subscripts ‘@’ when transcribing notation from [Mar.a, Mar.b]),
where we adjust the scalar u € Q so that (¢¥,f*)_. = 1. As noted in [Mar.b, Remarks 2.8, 2.11],
the existence of such vectors, which may depend on some choices that we fix, is guaranteed under our
assumptions by [Mar.a, Theorem 4.3, Lemma 4.6].

Moreover, denote by &p: (g* g,> — |det g, |"|det g_|~" the modulus character of P; then by those
results we have

_ —1/2

Loyt 1[C(n>f%[r) =3, / (t)fnv,+(w)ﬁ1(\i),
that 1s
(3.3.5) Lt Ly = 85 (O (@)1 = )L
and similarly

(3.3.6) AT SN VoM

(mHe(m)Pe(m) =F Pe(n)

Finally, by the proof of [Mar.b, Proposition 4.3]:
(337) (% ¢ Dpdt S = - [detg 72| det g |72 (2" (g )e " f 7)o (Y ()97 ) e

for some constant y..

Let / —1 M \ M
fc(rr) ) 'fc(n)’ Py =T (’w)%(n)’

rd . _ —1 d ., —1 .
fo T wc(n)f;?r:)’ gao T wc(ﬂ:)gpi(ﬂ)’
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then by the definitions and (3.3.5), (3.3.6) we have part 2; and by (3.3.7) we have part 3.
The case where 7 is unramified can be similarly deduced from [DL24, Proposition 3.25], by taking

c(m) = 1 and ¢* = w9, £ = w, £ to be the vectors denoted respectively by ¢V and ¢, in loc.
cit. O

3.3.3. Schwartz functions. — Let us first introduce some notation. For a compact open subgroup | C

GL,(F) and any Haar measure dy on J, put
8,(y)=vol(J, dy)™ - 1,(y)

§,0') = vol(], dy) " j] U(Trly'y) dy.

If © =(®;;) is a matrix of ap-valued functions of the variables X;; (viewed as the entries of a matrix X),

we write

B(X):= H(Pi/(Xi/)'

Let J, € GL,(0), respectively | C GL,(0), be an open subgroup fixing ¢ and f~, respectively ¢~
and f*. We fix the generator d = @@ € 0} of the different ideal to be a power of @. For every pair of
integers s,s’ > 0, let!)

(3.3.8)

’ / 1 —s J—1 1 s/ /
(% )mrtypeermon Py e (%))
Yoy @sd=1]_ CU*SI]+ Yoy

Remark 3.3.8. — This is a variant of the function ¢£();’S/)”] defined before [DL24, Lemma 4.29]; more

. d1 , /
precisely, let m, := < ’ ) >; then, when J, =GL (0 ), we have ¢) = mdng}(fz’S Jol,

For the next two lemmas, recall we have fixed an isomorphism between the isomorphic groups G
and H, but that they act rather differently on 7, (V"); thus we add a superscript ‘G’ in the notation for
U, € Z[G], and denote by U’ € Z[H] the corresponding operator for H; likewise for the subgroups I’
of Gand H.

Lemma 3.3.9. — There exists an integer ¢ > 1 such that for all s,s' >0, ¢'") is fixed under IS x I, and
w0 (UD)P) = (@) ),
0o, (U5 = 4 () ¢+

Proof. — Tt suffices to check that $®9 is fixed under N(0;) x N(0;) C G x H, which is straightfor-

ward, and the two formulas.
The first formula is verified as in [DL24, Lemma 4.29 (1)]; to compare, see Remark 3.3.8, and note that

d
For the second formula, by the definitions and (3.2.4), we have

() rer 3 (7 S )6

/

1, . .
our UC equals the operator m,;U," m " used in loc. cit.

/

yy
/ . . .. . . .
support of ¢ +1, whereas if this condition is satisfied, then the sum contains only one nonzero term,

For ¢ = $*), it is easy to check that each term in the sum vanishes unless < > belongs to the

(WFor convenience, the choices in our naming of the coordinates here are different from those of § 3.2.
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with value vol(J, )~'vol(J_)~, which is the one indexed by the class
b=—xy ' ="y eM, (0] o).
O

Definition 3.3.10. — Let c(m) and ¢?, £ be as in Proposition 3.3.7, and let ¢ > ¢(7r) be the minimal
integer satistying the conditions of Lemma 3.3.9. We define for all s > 0:

pli=¢F em, gﬁ(‘ =g )av’_5~¢(s’s) eS(V7"), = eo,
)= @) @ f2.

3.3.4. Norm relations. — We prove the local form of the vertical norm relations.

Lemma 3.3.11. — For every smooth admissible G x H-module #, every 1 < d < ¢, and every ¢ € FIEXIE

we have

[p'@Ulpl=a-[p"®¢] in(r'®S)q,
[U¢efl=a"[¢®f] in(S®0)y

Proof. — For the first equality, dropping all superscripts G, we have

[p* @ 1,11, $] =" (It [w)p ® ¢ = [n (L.t [ 1w, )p™ @ §]
= [77 Y(w Lt ') @ ¢] = nv(w)_lav [ (w)p™ @ pl=a (9" @ P]
The proof of the second equality is virtually identical. O

Proposition 3.3.12 ( = Proposition 2.4.6). — For every open compact subgroup C C F*, the image of )
in Afg is independent of s > 0.

Proof. — This follows from Definition 3.3.10, Lemma 3.3.9, and Lemma 3.3.11 applied to ¥ = yX(VV)
for each character y of F*/C. O

3.3.5. Integrality
Proposition 3.3.13. — Forevery s = 0, we have
e S (V' Z, ¢ ().

Proof. — It suffices to prove that for each x € Spt(¢)), the group K, has Galois-level at least s (Definition
3.1.1). This is proved in [DL24, Lemma 4.36] (for a slightly different Schwartz function, but the same
proof goes through). O

Proof of Proposition 2.4.3. — It follows from Propositions 3.2.3.2 and 3.3.13. O
3.3.6. Local non-vanishing. — We conclude by studying the image of A*) in A o

Proposition 3.3.14. — For every s = 0, we have
O = g Py (1/2, 7", )

Proof of Proposition 2.3.5, assuming Proposition 3.3.14. — We restore the notation used in the global con-
text. Denote by [/1( ] the image of A% in A, Itis clear that [ Pl ]#0Oatallv e S. At v ¢ Sp, the
nontriviality of [/1 ] follows from [DIS Proposmon 3.6. 4] At v € p, the desired assertion follows from
Proposition 3.3.14 since y(1/2+ s,y ) = y(WD( (f3,) s s S)- O
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In order to prove Proposition 3.3.14, we need a lemma. Let ¢ := Z ¢(©), and consider the map

g:GL (F)x M, (F) x M,.(F) x GL,(F) — G =GL,(F)

(3.3.9)
O T

Lemma 3.3.15. — We have

: ¢ Iy (o) V. X
P (g0, x ,x_,y_)):|d|’/2.< " . RETANY
o 1M.(ﬁ) 3,1—1]_ xX_ Y

Proof. — With the change of variables x/, = y“'xt 3’ + x/, we have

¢<< O )) fw J << . >> P ) ) d o

=L, (0)(%4 )91y ( J J (O =+ %) 8y (D) ¢y, ) dxlf dyl

=1y 050081y () f S ) dx” fM() OO0 (e — )y

M, (0) .

72
=|d| /zldflM,_(ﬁ)(x+)é\d*1]_( Y (0’ ¢]+ x+y7 —4)

— |d|72/2 1d71M7‘(ﬁ) SL]Jr << Xy x-‘ry: X_—)4 >>
Sy g o) V- x_

Then the desired formula follows from evaluating at

AT Ty A
(y s X :x—’y—):< * >
WXy 5 —yx

Proof of Proposition 3.3.14. — By the definitions, we have
0 =601 = | (89, (@)decsl" d.
G
We integrate over the full-measure subset that is the image of the map g = (3.3.9), for which

dg(y,,x,,x_,y_)=|dety, |7 |dety_|"dx_dy, dy_dx,.

where the Haar measures dy, on G, = GL,(F) and dx, on M (F) are normalised by assigning volume
|d|7*/? respectively to GL,(6;) and M, (6;). Then we obtain

O(A9) = f (7" (8022, 90)) 98 f7) - B (80 s x2sy2)) [dety, dety_|” dg (v, %y, %, 00)

N A
M, (0,)JGL,( () GL(F
.¢]+(y+)8d,1]7( )l dety_|* dx_dy, dy_dx,.

Since ¢* and f*? are both invariant under N(@), the integrations in dx, give 1, and we get

9(,{(0)) — a—v(d)ldlrz/zj J (TC\/ ((%, y_)w—l)gpa,fa>ﬂ . ¢]+(y+)3d71]7(y_)|dety_|2’ dy_ dy+.
GL,(F) JGL,(F)
By the formula for the matrix coefficient in Proposition 3.3.7, we deduce

0N N=2.7_,
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where

Zyi= ar JGL (F)(”V’+(J’+)§”+’f7)n— : ¢]+(y+)|dety+|7/2 dyy,

Zoama O [ (00 By OOl deny P

L.(F)

Since o = |@|"?&_, (@), we have
Z_=|d|"a D, (dNdP =1

whereas by the Godement-Jacquet functional equation ([Jac79, Proposition 1.2 (3)], which has a typo
corrected in (1.3.7) ibid.),

|22, = y(1)2, 7", ) JGL (F)(sﬂ*, 70D )8, ) dety [P dy, =y (1/2, 7 )

This completes the proof. O
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